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1. INTRODUCTION 
This paper deals with the study of Poincare map in Singular Pertur- 
bation Systems with a stable relaxed periodic orbit. In order to fix ideas, let 
us consider the Van der Pol equations: 
k=y 
&+= -x-1/3y3+y 
Making E = 0, we obtain the reduced system 
f=y 
o= -x-1/3y3+ y 
which is, following Takens terminology, a constrained differential equation 
[Tall. On x = y - 1/3y3 the system has five complete trajectories: 
(-co, pr), (+ co, pz), (0, p,), (0, pz) and 0 which is the unique equilibrium 
point (Fig. la). 
For E small enough the vector field of Van der Pal’s system is represen- 
ted qualitatively in Fig. lb. 
For decreasing values of E, the velocity of the outer points of the cubic, 
tends to infinity; on the other hand, the velocity of the inner ones remains 
fixed. So the trajectory of an outer point Q,, enters quickly in an O(E)- 
neighborhood of (- co, p,) and goes towards pl. After passing close to p, 
it falls onto an O(s)-neighbourhood of (+ co, p2), and so on. Therefore, it 
seems reasonable to ask for the existence of a periodic orbit tending to the 
relaxed one q1 p2q2p1. (Fig. lc). 
*This is part of the author’s doctoral dissertation written under the direction of Caries 
Perellb at the Universitat Autbnoma de Barcelona. 
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FIGURE I
The proof of this fact, simple for dimension two, is hard for higher 
dimensions, mainly due to the complexity of the asymptotic developments. 
Moreover, the proof of unicity for the two dimensional case (using 
Liouville’s Formula), does not work in the general case [Ml]. 
The aim of this paper is to provide a proof of uniqueness of the periodic 
orbit in the higher dimensional case. A proof of this fact seems to be lack- 
ing [MI ]. In fact we will see that, under certains conditions, the Poincare 
map is a contraction. 
The treatment of singular perturbation systems follows several 
approaches. In the pioneering studies of Tihonov [Till, stability using 
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Liapounov functions was the main tool. Levin and Levinson [Ll ] 
emphasized the study of the fundamental matrix of the linear systems 
as a basis for the nonlinear ones. Vasil’eva [Vl], Wasow [Wl], 
O’Malley [Ol] concentrated on asymptotic methods. More recently, 
Kopell [Kl], Fenichel [Fl] presented a geometric approach through 
invariant manifold theory. (A preliminary geometric approach was used by 
Levin [L2], Hoppensteadt [HI]). Rossler [Rl] used these systems to 
obtain chaotic models. Takens [Tal, 21 treated them in the scope of the 
catastrophe theory. Finally, non-standard analysis is used in bifurcation 
problems (“canards”) [Dl 1. 
Our approach follows the asymptotic methods to obtain estimates of the 
solutions, the Levin and Levinson point of view to study the variational 
systems and the geometric approach to reduce dimension. 
We have divided this paper in five sections. 
Sections IT and III contain the definitions, the basic tools used, and the 
statement of the principal results. In Sections IV and V, the proofs of these 
results are given. 
II. PREVIOUS DEFINITIONS AND RESULTS 
Let us consider the system 
i =f(x, Y) 
E,’ = gk Y) 
(1) 
with EE R+, x E R", y E R". For E > 0 it defines a smooth dynamical system 
in R"+". The x and y variables are called slow and fast variables, respec- 
tively. The set {(x, y) E R"+"' such that g(x, y) = 0} will be called the Slow 
Manifold (SM). 
Taking E = 0 at (1) the constrained differential equation is obtained: 
1 =f(x, Y) 
0 = g(x, Y) 
(2) 
In the following we shall refer to it as the Slow Equations System (SES). If 
we perform on (1) the time transformation t = t/c we get 
i= $(x7 Y) 
P = g(x, Y) 
which is a regular perturbation of 
i=o 
(3) 
J; = g(x, Y) 
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which shall be called the Fast Dyamical System (FDS) (or Boundary 
Layer System). SM is the manifold of equilibrium points of (3). In the 
sequel we assume that SM is an m-submanifold and the singularities (SM’) 
of the catastrophe map x: SM-+ R” are of the fold type [Zl]. Besides, at 
the regular points considered (SM-), all the eigenvalues of ag/ay will have 
negative real parts. 
If q E SM” we shall assume: (q is a “junction point,” following [Ml]) 
0) f(4) = 0. 
(ii) All the eigenvalues of dg/dy(q) have negative real parts except 
one which vanishes. 
(iii) There exists a unique solution of (3) tending to q as r -+ --co. 
Under the preceding hypothesis we can introduce the concept of Slow 
Manifold System (SMS), which is not a dynamical system in “senso 
stricto” but we can define its orbits coupling those of (2) and (3) as is 
illustrated in Fig. 2. 
We say that (1) has relaxation oscillations if the SMS has a closed 
trajectory, alternating from slow to fast parts. A relaxation oscillation will 
be stable if there exists a Poincare map, PO, of SMS with all the eigen- 
values of dP, with absolute value strictly less than 1. 
II. 1. Tihonou’s Theorem 
The following result due to Tihonov [Tl, Wl] is basic in Singular 
Perturbations. 
Let C be a connex component of SM- for which we assume that there 
exists Q c R” and cp: Q-r R” such that C= {(x, y), y=rp(x)). Let 
PER”+” with p + p. and PO E C with: 
FIGURE 2 
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-- p,, is the o+-limit of the FDS-orbit assuing from po; 
-- the SES-solution x,(t), ye(t) = cp(x,(t)), leaving PO is on C for 
O<t<T. 
Under the above hypothesis we have 
THEOREM 2.1. Zf (x(t, E), y(t, E)) denotes the solution of (1) issuing from 
p for t = 0, we have 
lim x( t, E) = x0(t) O<t<T 
E’O 
lim ~(6 E) = ye(t) Odt<T. 
e-0 
The convergence is uniform on 0 < t< T for x and on any interval 
O<t,<tdTfory. 
This result remains valid if T= T(E) and T(E) + To. See [Ll ] for a 
different approach. 
11.2. Geometric Singular Perturbation Theory 
The main result of the geometric theory that we use is the following (see 
CFll). 
THEOREM 2.2. Let A4 be a Cr+ ’ -manifold. Y, E E ( -co, Ed), a C-family 
qf vector ,fields and E a submanifold consisting of equilibrium points of x0. 
Let k,, k,, k3 be fixed integers, and Kc E a compact set such that the eigen- 
values of dJ?(m), not corresponding to eigenvectors of T,,,(E), are k, with 
real parts GO, k, with real parts =O and k, with real parts 20, for all 
m E K. Then 
(i) There exists a c’ central stable manifold C” for (X”, 0), with 
K x (0) c C”. There exists a c’ central unstable manifold, C”, for (.J?, 0) 
with K x (0 > c C”. The intersection of these mantfolds give rise to a central 
manifold C containing K x {O}. 
(ii) There exists a c’- ’ family {F(p): p E C’} of c’ stable-mantfolds 
for c”. ZfpeMx {E} then F’(p)~A4x {E). Every F(p) intersects transver- 
sally C at exactly one point. Likewise for C”. 
(iii) Let K, >O greater than the real parts of the eigenvalues of (i). 
There exists C,>O such that q PECS, qEF’(p) then’ d(p.r,q.z)< 
C,eKV’d(p, q), z 2 0 such that p. [0, 21 c C”, and 
F(p)={q~U:d(p.~,q.r)<C,ek~‘d(p,q)}. 
Similarly for p(p). 
’ T means the solution operator of the system. 
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11.3. Levin and Levinson Lemma 
The following lemma is characteristic in linear singular perturbation 
systems 
LEMMA 2.1. Let A be a constant n x n matrix with 
(i) all the eigenvalues of A having real parts smaller than - p < 0; 
(ii) [A[ -CM. 
If v satisfies 0 < v <p then 
leArI < Ke-“‘, t>o 
with K only depending on v, ,a and M. 
III. STATING THE MAIN RESULTS 
The following hypothesis, together with those of Section II, will guaran- 
tee the existence of a stable relaxed periodic orbit. It is not restrictive to 
consider that relaxation occurs globally. 
III. 1. More Hypotheses for (1) 
111.1.1. Sit4 consists of three connex components with 
det aqjay #O, denoted by Ci. There exists Vi, open in R”, and cpi, functions 
over R” such that 
Ci=((~,~i(~))~R”+m,x~Vi} i= 1, 2, 3 
111.13. These components are divided by two (n - 1)-manifolds, 
L’, and Zs, Z, n Z3 = @, .Z, separates C, and Cz ‘C,, C, and C,. 
111.1.3. p~z,, the o-limit of the orbit of (3) leaving p (see sec. II) 
is on C3. Similar for p E Z,. 
The following hypothesis are stated for Z, , but its validity extends to .X3. 
111.1.4. The singularities of x (see Sect. II) are folds. So we assume 
that there exists an open set W in R”+” near L” and a change of coor- 
dinates (~1, /I), such that 
- ai(x, y) = o+(x), i= l,..., n; 
- there exists gU(x, y) such that 
(4) 
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with det gii # 0 at W. So, near C,, (1) behaves like 
i= f(x, Y) 
G= dx, Y) + O(E) 
with g like (4). 
In W, the SES is 
i2 =fn(-Y:, x2,-, xn, Yl, o,..., 0) 
f” =fn( -y:, x2,*-, X”, Y, 9 o,..., 0) 
j1= -fl(-Y:, x2,-, X”, y,, o,..., 0)/2Y, 
307 
(5) 
(6) 
In the sequel, y1 >O on Cr, so (6) is equivalent to 
&=2Y,f2 
-cl=2Ylf” (7) 
Jjl= -fi 
111.1.5. f, > 0 at zl,. In terms of the initial system (1) this means 
that (1) is transversal to SM at C, and the solutions of SES/C, tend to 2, 
in a finite time. Besides, “funnels” are excluded because all points of .Zc, are 
limit of a unique orbit of SES/C, [Tal, Bl]. 
111.2. The Relaxed PoincarC Map 
The SES/C, is 
x=fk v,(x)) 
Y=cpl(x) 
(8) 
Let So c C, be a section for (8) such that 
- (8) brings So, in finite time, into Sy c C,, near C,. 
- (8) brings Sy diffeomorhcally into S: c C, . 
- (3) brings Sq into gc C,. 
Assume that Si is a section for SES/C3 and repeat the process until 
Sz c C, ; then (8) brings SE, in a finite time, into So. 
So, we dispose of a map 
PO: SO-SO 
which decomposes in an obvious way as 
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We assume that all the eigenvalues of P” have absolute value strictly less 
than 1. (See Fig. 3). Let S= fp~R”+~ such that the (3) o-limits belong to 
So}. We intersect S with a So-neighbourhood to obtain a section S for (1) 
with S n SA4= So. We denote by P” too the natural extension of the 
relaxed Poincare map. 
THEOREM 3.1. For E > 0 small enough there exists a Poincari map 
P”: S -+ S for (1) with P” -+ P” uniformly in S. 
This result is a straightforward re-formulation of the Mischenko and 
Rozov’s results, so it will not be proved here. Our main result is 
THEOREM 3.2. dP” + dP” uniformly in S, Then, for small E, P” is a 
contraction. 
The proof will be made decomposing P” as 
p==p;...p; 
and proving 
dP;(l’p 1 . ..P.)3dPp(Pp_;..P~) 
for reasons of symetry this must be proved for i= 1,2,3. 
Remark 1. The Ck-version is valid, but in contrast with P; and P;, we 
have not a simple proof for P;. 
Remark 2. Note that we don’t prove dPf + dPp. In fact this is true for 
P; and P; but not for P; because of the form that the system adopts in the 
region. 
FIGURE 3 
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Remark 3. P; and P; are almost identical. So, we only treat Pi. (See 
WI 1. 
Remark 4. In [B2] one proves that if we define Pi(s, p) = P;(p), then 
P, is smooth in [0, sO) x S. As a consequence, follows the classical results of 
continuation of non-relaxed periodic orbits (Flatto and Levinson, 
Friedrichs and Wasow, Anosov). 
Iv. STUDY OF P; 
After reducing the system, by means of the geometric theory, we apply 
Tihonov’s Theorem to the variational equations. For simplicity, we restrict 
ourselves to a three dimensional case. All essential features of the method 
are present in this special case and are more easily visualized geometrically 
than in the general case. 
Let us consider the system 
a=fb, y, z) 
,‘= g(x, Y, z) (9) 
Ei = h(x, y, z) 
with all the preceding hypotheses. 
Here C, cp, Z stands for C, , q,, -Z’, . l’ denotes an open bounded set with 
V n SM c C containing all the orbits of (9) between S and S, . We assume 
that h, # 0 at C, so near Z, SM can be described by x = $( y, z). 
If p > 0 we define 
s = ux, Y? z): k Y, dx, Y)) E sy, lz - cp(x, y)l < P} 
s,={(X,Y,z):(~(Y,z),Y~z)~~,~(Y,z)~x~~++(Y,z)f. 
Choosing $ near C, S, is transversal to SM. We summarize all this in 
Fig. 4. 
We shall see 
THEOREM 4.1. dP; --f dP7 uniformly in S. 
IV.l. Normal Forms 
JV.l.l. Geometric theory guarantees the existence of a smooth function 
v(x, y, E) on VnSMx (IsI <sO} such that 
0) 4x, Y, 0) = cp(x, Y); 
(ii) z = u(x, y, E) is invariant by (9). 
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FIGURE 4 
On V we make the change 
(4 Y, z) + (4 Y? z - 4% Y, El) 
So, remaking the notation, the system becomes 
J? =f(x, Y, z, E) 
3 = dx, Y, z, E) (10) 
Ei = h(x, y, z, E) 
with h(x, y, 0, E) = 0 (z = 0 is invariant). 
It must be noted that depending the change of coordinates on E, all the 
transformed objects do, too. This shall be denoted by the supra-index E, i.e., 
s”, So,‘, V”, etc. If E = 0, the change reduces to a flattening of SM. 
IV.1.2. The SES/C for (10) is 
Equations (11) bring So,’ into Sy”. If p E So,’ the Flow Tube Theorem 
asserts the existence of a neighbourhood T containing the (11 )-orbit 
between p and Py( p), and a change of variables, q, in T such that (11) 
becomes 
1=1 
j = 0. 
RELAXED PERIODIC ORBITS 311 
The transformation 
(x9 YT 2) --, (Vl(X, Y), tl*(x, Y), z) 
leads us to consider that (10) satisfies 
f-(x, Y, 0, 0) = 1, g(x, Y, 0, 0) = 0, &, Y, 0,&l = 0 (12) 
- It is not restrictive to assume that the transformation works on all Y. 
- We can coordinate s” and Sj by the y, z variables 
- We can assume that f(x, y, z, E) # 0 in T/” (taking, if necessary, p 
small enough). So, we can deal with system 
x=1 
J; = G(x, Y, z, E) (13) 
Ei = H(x, y, z, E) 
with G(x, y, 0,O) = 0 and H(x, y, 0, E) = 0. (systems (12) and (13) have the 
same Pi) 
IV.2. Statement of Theorem 4.1. Taking into account all the preceeding 
transformations it follows that there exist smooths functions 8,(y) and 
8,(y, z, E) with [see B2] 
S”= {(x, y,z) with x=0(y), ady<b, 
-CL--(e(Y), Y,E)GZ--(P(fl(Yh Y)bP---u(e(Y), YA} 
S~={(~,y,z)withx=8~(y,z,~);a,<y~6, 
OQz-cp(h(y), y)+dr,(y), YyE)~cp(rl(y), Y)-u(r,(y)+i4 Y)} 
cpX<O, according to Fig.4 and r,(y)=8,(y,O,O). 
Let a > 0 such that H(x, y, z, E) < -a in v”. Denote by d the flow of (13) 
with components dl, q5*, d3. P”, between s” and S; will be given by 
(Y, Z) + mY9 Z); e(Y), Y, Z) + (&(TE(Y7 Z); e(Y), Y, Z), 4% ... 1) 
Tp,T 1 
where TE( y, z) is the time required for taking points of S” into S; . 
The transformation r’, from So to S” is given by 
(Y, 4 --) (Y, z + vw Y) - 4e(Y), Y, 4) 
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Now Theorem 4.1 can be stated as: 
THEOREM (4.1)‘. dP;(r”( y, z)) + dPT( y, z) as E -+ 0 unformly in A”-‘. 
IV.3. Proqf 
dp”, = 4;,, T;, + &Y(Y) + d;,., &,, C + 4,: 
~~,,T.~+~~,,~‘(Y)+~;,, &,,T+d;,, > 
where the partial derivatives of T” are evaluated at rE( y, z) and those of 4 
at (TV”(y, ~1); (~1, r7.h 1). 
Since Py( y, z) = ( y, 0) we have 
Now the proof of Theorem 4.1 reduces to see that 
uniformly in So. 
IV.3.1. T”( y, z) is implicitly defined as 
&(c B(Y), Y, 2) = e,(4;(6 e(Y)? Y> z), 43 ... h El. 
We know that T”( y, z) is smooth (for E # 0). The partial derivatives are 
given by: 
8’ is evaluated at y, ~5” at (F( y, z); 0(y), y, Z) and 0;s at (&, &, E). Apply- 
ing the Co-results we have 
li_mo~T”(r”(~,z))=~(~,z)=rl(y)-e(~) 
,“-“, &(W-“(.v, zh e(Y); rE(x 2)) = r,(y) 
Fyo iZ(TWx 4); e(Y); r’(x 4) = Y 
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lim &(W”(Y~ ~1); etY); r”( Y, z)) = 0 E’O 
lim &(r(r’( y, z)); O(y); r’(y, z)) = ,“-” G(&, &, 6) =O 
E-0 
lim &,(W”(Y, z)); O(Y); rE(yT z)) = lim 
H(4”,, 4E27 4E3, dzO 
E’O E-+0 E 
The last equality follows from the fact that z = 0 attracts like O(e-*‘I”). 
IV.3.2. So theorem 4.1 reduces to the computation of &“. The 
variational equations of (13) are given by 
ii’=(o,o,o)~(z~,z~,z~) 
i;=(G,, G,, G,).(z;, z;,z;) i= 1, 2, 3 (15)i 
where all coefficients are evaluated at #“(t; e(y), rE( y, z)); ( y, z) E So. 
The solutions of (15) with z;(O) = Si express the derivatives of 4”. 
The system 
i=l 
B = W, Y, z, ~1 
Ei = ff(X, y, Z, E) 
if =o 
2: = G,(x, y, z, E) z: + G,z: + G,z; 
Ei; = HJX, y, 2, E) z: + H,zi + z&z; 
has z = 0, z: = 0 as its slow manifold. Its SES is 
ii-=1 
P = G(x, Y, 0, 0) 
i:=o 
i:=o. 
(16) 
From Theorem 2.1 it follows that the solution of (16) with initial con- 
dition (0(y); re( y, z); 1, 0,O) ( r” is a two-vector) tends, at time T”(r”(y, z)), 
to 
(rl(Yh Y> 0, LO, 0). 
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Repeating the same arguments for (15), and (15), we conclude 
lim TT;(P( y, z)) = 8,,, - e’(y) 
E’O 
lim T;(r’( y, z)) = 0 
E’O 
and (14) follows. 
COROLLARY 4.1. T”(r”( y, z)) + P( y, z) in the C’ sense. 
COROLLARY 4.2. (Non relaxed periodic orbits). Zf (11) has an 
attracting periodic orbit, then (lo), f or small E, do, too. Its caracteristic 
multipliers tend, in the C’ sense, to those of the reduced one. 
See Remark 1 for the Ck version. 
V. STUDY OF P; 
By Theorem 2.2, the study reduces to only one fast dimension (see V.4). 
The treatment of this case is, mutatis mutandis, equivalent to the three 
dimensional one. 
According to Section III near C the system looks like 
x =fk Y, 2) 
Y = gk Y> z) 
EZ = (x + z’) h(x, y, z) + &0(x, y, z) 
(17) 
with h < 0, f > 0 and 8 smooth. Let S2 be any rectangle in x + z2 > 0 
cutting all the orbits of SMS leaving Sy. It is not restrictive to assume that 
in all subsequent ransformations, S, and S, will remain “horizontal” rec- 
tangles (rectangles inside z = zi > 0 and z = z2 < 0 respectively). The 
asymptotic methods (V.2, [Ml, B2]) will prove the existence of P; and the 
fact that P$(P;(p)) + Pi(Py(p)) uniformly in S. 
The situation is summarized in Fig. 5. 
In this section we shall see 
THEOREM 5.1. dP”,(P;) + dPt(Py) uniformly in S. 
V.l. Normal Forms 
System (17) is equivalent to 
i =f(x, y, z) 
P = g(x, YY z) 
Ei = -(x + z’) + EQX, y, z) 
(18) 
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FIGURE 5 
If we perform the transformation 
(x, y,z)+(f-‘/J(O, y,O)x, y-g(o~;o~x,f-1~3z) 
system (18) (after multiplying by f -lj3) is equivalent to 
n=f(x> Y, z) 
B = g(x, Y, z) (19) 
Ei = -(X + Z’) + &6(X, J’, 2) 
with f(0, y, 0) = 1 and g(0, y, 0) = 0. 
V.l.l. Like in Section IV, we shall straighten the SMS. The follow- 
ing reduction will be used only at the beginning of the fold, i.e., for 
zl 2 z 2 E’, 0 < a < l/3 (see V.2). 
The SES in x, y variables is 
~=f(x, J&/-x) 
3= d-5 YT J-x,. 
The flow tube theorem only applies far from 2. We need to extend it to 
x = 0. The SES in y, z variables is 
P = g( -z2, y, z) 
i= -f(-z2, Y, z) 
22 
505/66/J-2 
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2zg( - z2, y, z) 
jt= f-(-2, y,z) 
i= -1. 
Near qe.Z, we can perform a transformation 
(Y, z) + (4 Y, z), z), with s( y, 0) = y 
and (20) becomes 
y=o 
i= -1. 
(20) 
(21) 
So, s(y, z) satisfies 
2S,,(Y, z)zg(-z2, y, z)-ff(-z2, Y,Z)S;(Y, z)=O. (22) 
Let T(X, v) = s( y, J-x). D ue to f(0, y, 0) = 1, g(0, y, O)=O, (21) and 
(22), we have 
r,(x, Y) = -g,uA Y, 0) J-x + O(x) 
rJx, y) = 1 + u(x3’2) 
r.rJ-% Y) = w&2 (23) 
1 gz(O, YY 0) 
rAx,y)=~ G +0(l) 
yl&7 Y) = o(x3’2) 
In a neighbourhood V of q we can make the transformation 
w: b, Y, z) + (x, r(x, y), z). 
We suppose that V contains the SMS-orbits between Sy and C. The 
differentials of o and 0-l are respectively 
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If x < 0, these differentials tend to identity as O(G). This allows us to 
extend o and 0-l to x=0. Remaking the notation once more, (19) 
becomes 
1 =f(x, Y, z) 
P = gb, Y, 2) (24) 
Ei = -(x -I- 22) + &tl 
with f(O,y,O)=l, g(x,y,fi)=O; f,8oC’, gEC” in V and f, g, 0 
smooth enough in x < 0. 
The partial derivatives of g satisfies 
; gYz, gzz uniformly bounded 
V.1.2. All of this paragraph applies to (19) and (24) but we shall 
deal with this last one only. 
It is not a restriction to assume that in V, the manifold 
-(x + z)2 + Eqx, y, z) = 0 (26) 
is transversal to (24) (in x < 0) because 
(f, g, w-1 +~e,, Ee,, -2z+Ee)=(-i +&ex)f+Egey. 
For E = 0, this last expression at C equals -f(0, y, 0) < 0. 
LEMMA 5.1. There exists &o > 0 such that Vp E S, Pj( p) is inside 
(-(x+2*)+dQx, y,z)<O}n v. 
Proof By the geometric theory there exist central manifolds for (24) 
x=u(y,z,~)with u defined on Vn{x=O,z>K}xJc( <E(K)},K>O. 
so, U(Y, z, E) = -z2 - u,(y, z, 5(E))& 
It is not difficult to see that u,( y, z, 0) = 6( -z2, y, z) +f( -z*, y, 2)/2z 
and now, using that f > 0 and that 0 is bounded in V we have 
u(y,z,&)= -z*+& f( YY 23 E) O<k,<f<k, 
Z 
(taking V smaller if necessary). 
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Let (x,, zr, E) be a point on the central manifold, (x,, zl, E) on (26) and 
.f, =AY, zI, 8); hence 
x1 -X*=E(fi/Z1 +e) 
but if z, is small enough, we have 
f,/z,+tl>l in V 
and 
x,-X,>&>O. 
The lemma follows now from the fact that P;(p) is O(e--@)-near 
x = u( y, z, E). From lemma 5.1, we can deal with the system 
i = m, Y, z) 
x + z* - &e 
I’= El? 
x + z= - Ee 
i= -1. 
(27) 
equivalent to (24) (or (19)). 
V.2. Asymptotic Expansions 
The purpose of this subsection is to find asymptotic expansions for 
solutions between S, and S2 issuing from P;(p), p E S. So, we will assume 
formal developments for the solutions. These expansions will be determined 
by substitution. 
The proof of the existence of an actual solution with these expansions 
will be made with the help of isolating blocks. To be sure that these expan- 
sions are valid for solutions issuing from P;(p), we must see that these 
solutions “enter” the blocks (matching). 
There are three regions of uniform asymptotic expansions between S, 
and S,. We shall call them: beginning of the fold, fold, and end of 
the fold, and they are determined by z, 2 z 2 E’, 0 < c1< l/3; E’ 2 z 2 -.s”, 
O<cc’s2/9 and -E~‘~z~z~, respectively. In order to cross from one 
region to another, a stretching must be done. 
Due to the extreme complication of the developments and for the sake of 
shortness we only sketch the beginning of the fold for which we have 
special form not considered at [Ml]. The other parts will be stated 
without proofs and are derived with the methods of [Ml]. The reader is 
remitted to [B2] for details. 
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V.2.1. Here we shall compute the asymptotic expansions for (27) at the 
beginning of the fold. The expansions for (19) will be given later. 
Let us consider 
x(t,E)=X&)+EXl(t)+E2XZ(l)+E3X3(t)+O(&4) 
Y(C El = Ye(t) + &Y,(t) + E2Y2W + E3Y3W + WE41 
with z(t,~)-zO(t)= -t;yo(t)=yo, y,=lim,,,P;(p); x,,(r)= -t2. 
Substituting these expressions into (27) gives 
f 
x0=- 
gxx1+ g, Yl 
x, - 8 
h=O, 31= 
x,-e ’ 
i, = 
fxx,+f,Y, f(x2-~*xl-~,YJ 
x,-e - (x,-e)’ 3 32= Y(xo, Yo, zo, Xl, Y,, x2, Y2) 
where all coefficients are evaluated at (x0, y,, zo) = ( - t’, y,, t). 
Since x0 = -t2 we have 
x (t)= -A-t2T y”, -‘)+e(-r2 I 2t 
y. -t) 9 9 
( 
- 1/2f 2 - 1/2ffz t + tp, 
- x2(t) 0 -20, + + 20 2fv Y, + 2e,f) + t4(4e,e - = 4e,y,) 1 
4t4 
and we see that x*(t) has a pole with principal part - 1/8t4. 
The initial conditions for the y’s will be 
Since g( --t’, y,, -t) = 0 we conclude 
pI= JL(--2, yo, 
2t 
-t)+g;(-t2, y,, -OS 
f 
LEMMA 5.2. The solutions of (28) have the expression 
y,(t)= -g=(-t2, YO? -f) 
2 lnl4 +0(l), 
(28) 
(29) 
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Proof Put y,(t) = -( g,/2) In Jt( + K(t). Then K(t) satisfies 
Taking into account (25) it follows that /K(t)/ is bounded. 
Since X, = 0( l/t), x2 = 0( l/t”), g, = 0(1/t) one obtains j2 = 0( l/r”), 
which suggests 
y2W = W/r’). 
This expression and the corresponding one for x2 will lead to bound the 
remainder. 
Let K > 0; we define B, as 
B,:x= -z2+A(1/2f(-z2, y,,z)+zt?(-z’, y,, -z) 
2 
&L,(z, E). 
B,+, B;, h:, h;, B are defined in the obvious way. 
PROPOSITION 5.1. There exists K0 > 0 such that, inside V, (27) points 
inwards 8, rhrough B: and B; ifK>K,,, for E’~z~z,, O<crs l/3. 
Proof: As it is a transversality question we can work with (24). We 
must see that 
where ~0 stand for + and ~0 for -. Developing this inequality we arrive 
at 
f (X,(0( 1/2f+ ze) - e( 1/2f; - 1/2f,22 - 2z2e., + z8, + e)) 
z 
+&~f.+~e)(i/2f,- i/2f,2z-2z2e,+ze,+e)+e(1/2f+ze)) 
z 
+~(-(1/2f+z0)2~2K)f~(0,(5)(1/2/+ze) 
~(1/2f,- i/2fy2z-2z*e,+ze,+e)) 
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All the expressions t?/~.~ and their coefficients are uniformly bounded. 
Moreover the higher order term is 
(taking z, small enough). So, the inequality follows if 
-(i/2f+ze)*r2K~0. 
LEMMA 5.3. Inside 8, n {z 2 E’, c( < l/3}, the x-component is ~0. 
Proof. -z2+&/z(1/2f+z0)+Re2/4<0, (R(<K. 
So, in that region, g is smooth. Let V, : y = y, + &y,(z) + K&*/z3, K > 0, 
where y,( -z) stands for (29). 
PROPOSITION 5.2. There exists K0 > 0 such that inside V n 8,) (27) 
points inwards 8, through VT and V; if K > K,,,for E’ 5 z 5 z, , 0 < a 5 l/3. 
ProoJ As in Proposition 5.1 we must see 
g x7 Yo+~y,(z)~~,z ( > +(x+z)2y;(z) 
-ey;&TK 
E(X + z*) + Ke&* 
z4 - z4 5 0. 
Inside d, we have 
R = R(x, y, z, E) IRI <C for B,nVn{z>,~“,a<1/3}. 
(30) 
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so 
Rc2 2 
g -z?+EX,(Z)+-yp yo+EyI(z)*$.z 
z 
with -z2 < 5 < -z2 + EX, + RE~/z~, y, < [C y, + &y,(z) +_ G2/z3. Because 
z b EZ, CY -C l/3, it follows that -z2<5< -z2+u(&‘-x), yo<[<yo+ 
O(E In E). Hence (30) follows from 
+ g,,(5) E2x2 + g.JO E’XI R 
2 L224 
KY,&’ _ Kx~E~ -KRE’ 
The first term of (31) vanishes (see (28)). Then as 
y,=O(lnz), y;=O(k), x,=0(:), &=0(i) 
L=o(~)~ &“=o(;)? &.“=q) 
(31) 
(32) 
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(see (25)) it turns out that the dominant terms are the E*/z” ones. That is, 
and this expression is < 0 or >O if K is big enough. (x1 > 0 if z, is near 0). 
Finally, to prove the matching with solutions coming from S, we must 
see that these solutions enter into the isolating block determined by B, and 
V,. This is accomplished seing that the asymptotic expansions of the 
solutions of (24) issuing from S and expressed in the-beginning of the 
fold-variables coincide with those of (27) until O(E). See [B2] for details. 
THEOREM 5.2. The solutions of (27) coming from S admit the following 
expansions in C~Z~Z,, O<as l/3 
Rtt, ~1 x(t,E)= -t*-f(l/Zf(-12, y*, -t)-ttB)+F&* 
K( t, E) &* 
Ytt,E)=Yo+&Yl(t)+ p 
z(t, E) = -t 
with R and R uniformly bounded and y,(t) is the solution of (28). 
V.2.2. Here we present the asymptotic expansions for (19) in 
the three regions considered. The first one is only a reformulation of 
Theorem 5.2. 
THEOREM 5.3 (see [B2]). Let us consider the system 
i=E f(4 Y¶ z) 
x+z*-EO fux y,O)- 1 
j=& g(x, Y, z) x+2*-&0 km Y, 0) - 0 
i= -1 
Letq,=P”,(~),~~SandP~(~)=q,q=(q,,q,,q,),q,= -z:,qZ=zl. Take 
the z-solution of (33) as z(t) = -t. 
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Then the solution equal to q for t = -zl has the expansion 
M,(t, El x(t,e)= -t~-~(1/2~(o,~~“,o)-te(o,4,,o))+~&2 
y(t,e)=y6’)(t)+c g.d0>4p 0) 
2 
-2, 5 t 5 -&OL, O-cat l/3 
x(t, E) = &2’3Xp(t/E”3) + &x\“(t/&“‘) + M,(t, &)& 
y(t, E) = ij Y + &y&2’(t/&“3) + N2(t 3 E)E 
-Ez<t<&“‘, 1/4<a< l/3, O<a’<1/3 
&Ins-s ~z(O,q,,,O)lnr+f 
( > 
+M3(t,c)c 
sins-&g-.(0, &, 0)ln t+ N3(t,E)E. 
Ex’<t<Z*, O<a’<$ W) 
A4 and N are uniformly bounded. ~6’) is the solution of 
. 2tg(-t2, Y, -1) 
y = f( - t*, Y, t) 
with y:(-.z,)=q4v. 
XL*’ is the unique solution of 2 = l/x + t* with lim,, a xb2)(t) + t2 = 0 (see 
CM111 
x’,*‘(t) = X(t) j, 3. -fzs(xb”(S) + s2) +8 x(s)[x~2’(s) + ,212 6 X(t) =exp jtm Ixa’(sy+ ,212 
yh2)(t) = ji giF;tf{‘+:y ds gz(o’:7 ‘) In(l/E’/)) 
0, = lim xb2)(t). 
,-CC Wb) 
V.3. Proof of Theorem 5.1 
In accordance with the regions of uniform expansion let P; = r;r;c. 
(See Fig. 6.) 
V.3.1. To study r; we take system (27). Let 4” be its flow and 
T, = z, - .P, the time necessary to go from S1 to z = E’. We have 
where the derivatives are evaluated at (T,; q.y, qv, zI). 
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FIGURE 6 
The variational equations are 
E2f 
+ (x + z2 _ &)2 (@.x4 + %zi’) 
if= -(x+z~g~E0)2z:+x+z~_Ee(g.~zl+giZi) 
2 
+ lx+ ;2”_ E8)2 (exzf + %A) 
i= 1,2, (35) 
The coefficients are evaluated at the solution of (27) issuing from qE 
between z = z, and z = E’. By Theorem 5.2 we conclude that 
E %I - t) 
x+z2--EB=f(-(z*-t)2,q~,zl-1) + 0(&l -2”); 
E 4(z, - t)2 (z, - 1) +- x+z’-Ee=~ffZ(-(Z,-t)2,q~,Z,--) & 0(&I -Z=). (36) 
Sinceg(-z’,y,z)=O,g,(-z’,y,z)=O we have 
&WC EL Y(4 El, z1- t) = g,(5) 
( 
&f E2h-f - - 2(2, - t) + Ee + (zl - t)4 > 
+s,(5) 
-( 
.z2N 
&Yl(t)+(Z1-1)3 ; 
> 
-(z,-fy<(< -(z*-ty+ex,(t)+&. 
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with q! < [< q(r’+ &y,(t) + (N,E’)/(z, - c)~. By (25) and (32) it follows: 
E2M, 
~ + E6 + (zl - t)4 
OW2V + g,(O 
Similarly, 
+.& 2% 
2 
O(E’ - *‘) 
+ O(l) 
Yl(t) 4(z, - tJ2 
f’ 
+ vl(t)(Z, - t) O(E’-*‘) 
&N4 EN 
+(z,-t)f2+(Z*-ty 
(qEl -2a 
)]=OU). (37) 
Egx =0(l) EgY 
‘! 
x+z2--e X+2*-E% =O(E’-? tX+;2~EB)Z=O(4. (38) 
Let u = zf and v 3 z:. By geometric reasons we consider 
i=l 
G= -(x+z~g~88)2v+X+z~_Eb)(grv+gyU) 
2 
+ (x + z2g E@2 (Oxu + 04 
Ef 
fi= -(X+z2~E~)2~+X+z~--EB(fx~+fY~) 
E2f 
+ (x + z2 _ 42 (exu + %u) 
We must study the solution of (39) with u(0) = 0, v(0) = 1. In the (t, U, u) 
space we define the planes 
7c1: u+d(v- l)=O 713: t+d(v- l)=O 
7r2:l4-6(v=O 7c4: t-6(v-l)=O. 
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For p>O we define 
C,=(U*+t*~~*,O<U<l}. 
LEMMA 5.4. For p -+ 1 and 6 > 0 there exist K,> 0 and s(6) such that if 
K> K0 and E < E(S) (39) points inwards 71, < 0 through ni n C,, u 2 Kc. 
The proof follows from (36), (37), and (38). This lemma states that the 
orbit of (39) issuing from the vertex of the pyramid defined by n, cannot 
leave it until u = Kc. The following two lemmas are deduced similarly. 
LEMMA 5.5 There exists K0 > 0 such that if K > K, there exists E(K) such 
that (39) points inwards 101 <K&l-‘, for Juj _I 1, t szl -sa, O<as l/3 
E < E(K). 
Let ,l>O, 6>0 andconsider u=A+6t, O~~~Z,--~~. 
LEMMA 5.6. If 6 > 0, there exists q, > 0 such that if E < co, (39) points 
inwards u = +A + 6t, o = O(E’ -“) and 0 5 t 5 z1 - f. 
Joining together the above three lemmas we have 
PROPOSITION 5.3. The soZution of (39) with u(0) = 0, u(0) = 1 satisfies 
u(T~)=O(E’-‘) andu(t) ishoundedinOstsT,. 
Now, we compute this solution. By the Variation of Constants formula 
we have:* 
u(t) = exp 
ifO<s<t<z,-Ea, O<a<1/3. By (36) we have 
I 
exp 5( 
-d- $i E2fex s T+d+ A2 > 
dv=O(l)expj:--$dv; 
hence 
u(r)=O(l)expfi-$ds+fiO(l)[expfL-$dv]($n+$u)ds 
=O(f)exp{~--$ds+~~O(l)~~Y~$[exp[~-$dv]ds 
+~~O(l)B,,u$[exp~~-$dv]ds. 
2 The expression A stands for x + z2 - ~0. 
328 CARLES BONET 
Since (x + zz - ~0) = O(E’ “) if 0 < t 6 z, -E=; u, &, 8, are bounded and 
f > 0, we have 
u(t)=O(l)exp]~--$ds+O(c’p’) (40) 
On the other hand 
u(t)=ji[exp r(s+$$)dv](~v+~v-fj$v)& 
By (37) and (38) it turns out that 
ev 
hence by (40) 
- j’O(l)~(O(l)[expj~--$h]+O(tl-‘))ds. 
0 
Again by (37) and (38) 
u(t) = O(&’ -‘) for O<t<z, -CT 
and returning to v 
v(t)=O(l)exp j~-~dv+O(F.). 
To finish, the expression 
s 
7-c 
ex P 
0 
-$zO(exp(-T,/c’-2’)) 
must be applied. Similarly, we could study zi, z: obtaining as a conclusion 
the following. 
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THEOREM 5.4. For t = T,, the solutions of (39) with z;(O) = 6; satisfy 
z:(TE)= O(E’-‘~), z;(T,)=O(&a); 
z;(TE)= O(E’-~); z;( T,) = 1 + O(E’ - “). 
Returning to (19) (or (33)), it is not difficult to check that 
dC(q,) = 0(&‘-y 0(&‘-y r,(qd + WE’-? r,(qd + O(E’-‘:) 
if l/4 < CI < l/3 (r as (23)). 
V.3.2. We shall compute dT”,(f”,(q,)). Taking into account the 
asymptotic expansion at the fold, we have 
PROPOSITION 5.4. There exists K, K’ > 0 such that at the fold 
K&1-u<x+z2-Eedc&2a’. 
Moreover, for 0 5 t i E’ + ME 1’3 M > 0 and big enough we have , 
KE’ ~ a < X + Z2 - Eo < K’E213. 
So, we conclude 
KE-“~ < (x+z;-Ee,2< KE*‘-‘, 
RElL2d< 6 
x+22-&e 
-c KEY, 
KEW < & 
X+2*-Eo 
< KE”, 
E2 
K’E2-4a’ < (x $- zz _ Ee,2 < KE”, 
2 
K’E~/’ < (x + zt + EeJ2 < Keza, 
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On the other hand because of g(0, y, 0) = 0 and J‘(0, y, 0) = 1 we have 
d-44 El, y(t, El, E” - t) = O(EZ’) 
g,(xk E),Y(b cj, Ea - tj = 0(&q 0 < t < Ea + E” 
fl.(X(t, E), y(t, &j, 8 - I) = o(E”‘) 
&(t, E), Y(t, E), En- t) = o(f) 
(42) 
sAx(t, E), y(t, El, 6% - t) = O(f) O<t<EEOL+hfE1’3 
.fh(t, Eh I’(& E), Em- tj = o(E*) 
As we did with (39), we shall study 
i=l 
ti= -(x+~~g-E8)2U+(X+ZE2-Eej(XXU+RyU) 
2 
+ (* + Z2” Ef)j2 (89 + !A (43) 
E2f 
+(x+z2-EE8)2 m+%u) 
where the coefficients depend on the solution of (33) issuing from c (qE) 
for 0 s t 5 Ea + E”‘. 
In the space (t, U, u) we consider the planes 
71,: u+S(u- l)=O 
712: u-&u- l)=O 
LEMMA 5.7. For 6 > 0, there exists K,, > 0 such that if K> K,, E < E(S), 
(43) points inwards u 2 KEEP’, 0 5 t 5 E’ + E”. 
The proof is a consequence of (41) and (42). 
LEMMA 5.8. There exists K, > 0 such that if K > K,,, there exists E(K) 
such that if E-C E(K), (43) points inwards IuJ < KE~~‘, for IuI 5 1, 
0 5 t 5 E’ + E”. 
Let 2 > 0, 6 > 0. We define u = +A + 6t, 0 5 t 5 E” + E”. 
LEMMA 5.9. For 6 > 0, there exists .c~ > 0 such that if E < E,, (43) points 
inwards u = +A + 6t, u = O(E’~‘) and 0 5 t 5 Ed + E”. 
The above three lemmas are summarized in 
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PROPOSITION 5.5. The solution of (43) with u(O) = 0, u(0) = 1 is bounded 
for O_It_Ic”+&. 
Now, we can compute this solution. Taking into account (41) (42), and 
V.3.1 we have 
u(t) = 0( 1) exp - Jbi -$ ds + O(E~“‘). 
Similarly 
u(t)=j; O(1) ~-~)(O(l)[exp{~--$dv]+O(~3af))ds; 
its order is given by 
= O(E”) exp 1: --$ dv I/ + ji $ O(P)] 
0 
z!z 0(&U’) + O(E5a’+2a- l), for 0 5 t 5 Ea + Er’. 
Hence u(t) = O(P’), if $ < CX’ < f, + < c( -C f. Returning to u, 
u(t) = 0( 1) exp 1: - $ ds + O(E~O”). 
If u(0) = 1, u(0) = 0, Lemma 5.8 says: 
u(t) = O(E3q, 0 < t < Ea + F? 
so, 
u(t) = exp 
j( 
d F+y)ds+ji[expj:(?+$$‘)dv] 
By (41) and (42), we have 
exp dv= 1 + O(&2a+2a’), for O~s~t~Em+E=‘. 
505/66/3-J 
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Thus, 
Since exp J;, - (&/A’) ds tends exponentially to 0 for t = O(P + E”), one 
obtains 
THEOREM 5.5. The solution of (43) related to r; satisfies 
Z;(Ea + Em’) = O(E4rn’) 
Z;(Ea + &a’) = O(&“‘) 
Z;(Em + E”‘) = O(E3rn’) 
Z;(&% +E”‘) = 1 + O(&5U’+2=P I). 
Hence, we have 
dG(C(qe)) dT”,(q,) = 
O(F3C’j 0(&3”‘) 
r,(h) + O(@) r,(h) + O(4 > (44) 
j?=min(5cl’+2cr- 1; 1 +cr); Q<LY.‘<$, +<u<*. 
V.3.3. We must study (43) at the end of the fold. Since 
05 ts -(z,+E”‘) we have 
E”‘< t+&“‘< -z2, 
1 1 1 
---6 TQT 
t+& E 
(z2 -CO!). 
z2 
By (34) we can state 
PROPOSITION 5.6. There exists K, R > 0 such that at end of the fold 
KE~“‘<x+z~-E~<<~. 
Thus, we conclude that there exists K, K’> 0 such that 
KEQ E <K)E1-2a’ I I--401’ 
X+Z2-Ed KE~(y+z~-EB)Z~K~ . (45) 
Since O<a’S$ we have that E ‘-4a’ is O(E”~) at least, so, (43) is not 
&-singular and then we have 
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We will compute the order of approximation. From (43) we have 
u(t)=exp 
but 
&f ---< -KE, 
A2 
$‘= o(E2-49 
so, it follows that 
For u we have 
v(r)= 1 +O(&‘-*a’). 
u(t) = 0(&l -4q. 
For the solution u(0) = 1, u(0) = 0 we have that o(t) = O(.s213) because 
~~[exp~~Ah](~) 
= 0(1)(x(t) - x(0)) = O(2’3). 
Similarly for u 
hence 
=exp[O(l)(x(t)-x(0)) + O(E*-~~‘)] 
= exp[O(E2’3) + O(E*-~~‘)] 
and so 
u(t) = 1 + 0(&q + 0(&*-4a’) + o(&2-6U’) = 1 + 0(&2’3) 
if 4 <Co < 3. 
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So we can state 
THEOREM 5.6. The solution of (43) at end of the foldjiulflIs 
z;( - (z2 + E”‘)) = 1 + 0(&J -2”‘); zg - (z2 + &a’)) = O(&’ -2a’) 
zf( - (z2 + &a’)) = O(&’ -““‘); z;( - (z2 + &a’)) = 1 + O(E2’3) 
dr;(I’; o r;(q8)) = ’ +,;;fi,; ) 0(&2’3) 
> 1 + 0(&2’3) . 
(46) 
Finally: 
THEOREM 5.7. dP;(q&) -+ dP!j(q,) like O(.S~/~). 
Proof: By (44) and (46) we have 
dP;(q,) =
0(&3@‘) O(E3U’) 
r,(d + O(O r,(h) + 0(-O > 
where y = min($5cr’ + 2cr - 1). To finish we take tl’ = $; CL > &. 
V.4. Reduction to One Fast Dimension 
According Section 111.1.3 we consider the enlarged system 
il = &fi 
I 
.i"=&f, 
il = g1 
(47) 
)‘m=gm 
c = 0. 
Let q E Z, . To simplify notation let q also denote the point (q, 0). It 
follows that q is a critical point of (47). Its linear approximation is 
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System (48) has 
n + 2 0 eigenvalues 
n - 1 eigenvalues with real part < -b < 0 (Sect. II) 
The eigenspace for the 0 eigenvalue is spanned by 
(1, o..*o; 0, b,.*.b,; 0) 
(0, 1, o...o; o.*.o 0) 
(O..* 1; o*..o; 0) 
(0.. . 0; 1, o...o; 0) 
(O.m.0; O,d,.*.d,, 1) 
where 6,. . . b, and d, *. . d, are the unique solutions of 
gz,x, + g,,,h + . * . g2,.v,bm = 0 
g m,x, + gm,.v& + . . gm.y,bm = 0 
gz,.m 4 + . . ’ g2,.,+,, 4 f g2.c = f, b2 
(49) 
(50) 
g m..m4 + . . . gm,y, 4, + gm,, =.fi b, 
So, there exists a central manifold for (47) like 
Y2 = U2(Xl “‘X,2 y,, 8) 
with ui(--y:,x, ,..., x,, y,,O)=O. 
By the transformation (x, ,..., x,, y, ,..., y,; E) -+ (x, ,..., x,, y,, y, - u2 ,..., 
Ym-um; E) (47) becomes: 
Xl = d-1 
I 
i,=&fn gi(-yy:,X2”‘X,;y,,O”.;O)~O i=lirn 
i,= g1 gj(xl.-.xn; y,,o...o,&)=o j=2+m 
(51) 
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Applying (ii) and (iii) of Theorem 2.2, we can transform (51) into: 
i, =&f,(X,...X,y,&) 
We see that x, 
equivalent to 
1, =&fn(X,...X,yl&) 
PI = g,(-~l..~x, YI&) 
Pz = ir,(Xl “‘X,9 Y, ... Ym, E) 
~m=iLiX,~~~xn, Y,~~‘Y,,~) 
i =o. 
(52) 
.. x, y, are uncoupled. Like V.l it turns out that (52) is 
6 
il=(X,+y:)+O(E) 
EL, 
i.n = ix, + y7) + cl(&) 
PI= -1 
(53) 
with all eigenvalues of H(x; y,, O,..., 0; 0) have real parts < -j?. 
(Rea< -p) 
Finally to establish the full reduction, we need the following 
THEOREM 5.8. In the fold, the variables y, ... y, tend exponentially to 0. 
ProoJ We must study (53) between S, and ST with initial conditions 
determined by P;(S). Therefore, these initial conditions will satisfy: 
x1 +Y:=wE), y,= . . . y, = O(E) (we are far from the fold!). Moreover, at 
the fold: x, + y: = 0(s213). 
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For simplicity we assume the fold at 1 2 2 - 1 y, and Re (r < --/I for 
11 y, 2 - 1, 1 y,( < 6, 6 4 1. We must find the solution of the system 
with initial conditions y, = . . * y, = O(E). First we put 
( 32 = > ( WC Yl, o*..o; E) y, )‘m (Xl + Y3 + O(E) >( 1 Y, 
+ ~(x,Y,&)--H(x;Yl,O...O;&) 
( 
Y2 
(Xl + Y:) + O(E) )( ) YWI
The fundamental matrix of the system 
satisfies (see [Ll]) 
By the Variation of Constants formula one gets 
( > ;; (I)=X(I)O(E)+i]:X(f,s) 
x 
( 
fw, Y, &I - wx; Y I, 0, 0; El 
(Xl + Y3 + O(E) > 0 
(3) ;I” (s) ds 
m 
and taking norms, 
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Y2 Iii i i (t) Y* ii 
issmallenough we have j\H(x, y,~)-H(x; y,,0*.*0;~)JJ<L<<l; hence 
(x1 + Y:, + O(E) 
+Ls 
f e-P~(W((xl + ~3 + O(E))) 
0 (x1 + Y3 + WE) 
and 
~c.u(&)+Lj~(x~+yi)tu(~) ;: @) e”l(xl+y;+O(E)ds. IK > i 
by Gronwall’s lemma 
hence 
Taking L small enough, the result follows because 
-1 K 
x1 + Y: + WE) 
< -E2/3> K> 0. 
Now, since 
y*(O) N . . N y,(O) = U(E) 
the inequality works for 0 5 I 5 2. 
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